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Abstract
The purpose of this paper is to generalize and to unify fixed point theorems of Das and Naik, ´Ciric´, Jungck, Huang and Zhang
on complete cone metric space.
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1. Introduction and preliminaries
Huang and Zhang [4] have replaced the real numbers by ordering Banach space and define cone metric space. They
have proved some fixed point theorems of contractive mappings on cone metric spaces. The purpose of this paper is
to generalize and to unify fixed point theorems of Das and Naik [2], ´Ciric´ [1], Jungck [5], Huang and Zhang [4] on
complete cone metric space.
Let E be a real Banach space and P a subset of E. P is called a cone if and only if:
(i) P is closed, nonempty, and P = {0},
(ii) a, b ∈ R, a, b 0, x, y ∈ P ⇒ ax + by ∈ P ,
(iii) x ∈ P and −x ∈ P ⇒ x = 0.
Given a cone P ⊂ E, we define a partial ordering  with respect to P by x  y if and only if y − x ∈ P . We shall
write x < y if x  y and x = y; we shall write x  y if y − x ∈ intP , where intP denotes the interior of P .
The cone P is called normal if there is a number K > 0 such that for all x, y ∈ E,
0 x  y implies ‖x‖K‖y‖.
Definition 1.1. Let X be a nonempty set. Suppose the mapping d : X × X 	→ E satisfies
(d1) 0 < d(x, y), for all x, y ∈ X and d(x, y) = 0 if and only if x = y;
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(d3) d(x, y) d(x, z) + d(z, y), for all x, y, z ∈ X.
Then d is called a cone metric on X, and (X,d) is called a cone metric space.
For F ⊂ E we define δ(F ) = sup{‖x‖: x ∈ F }.
Let xn be a sequence in X, and x ∈ X. If for every c ∈ E with 0  c there is n0 ∈ N such that for all n > n0,
d(xn, x)  c, then xn is said to be convergent, and xn converges to x, and we denote this by limn xn = x, or xn → x
(n → ∞). If for every c ∈ E with 0  c there is n0 ∈ N such that for all n,m > n0, d(xn, xm)  c, then xn is called a
Cauchy sequence in X. If every Cauchy sequence is convergent in X, then X is called a complete cone metric space.
Let us recall [4] that if P is a normal cone, then xn ∈ X converges to x ∈ X if and only if d(xn, x) → 0, n → ∞.
Further, xn ∈ X is a Cauchy sequence if and only if d(xn, xm) → 0, n,m → ∞.
Let us remark that if X is a normal cone, x ∈ X, a ∈ R, a  0, 1 = a, and x  ax, then x = 0. This follows from
the following implications: x  ax implies ax − x ∈ P implies x − ax  0 implies |1− a|‖x‖K‖0‖ implies x = 0.
Let (X,d) be a cone metric space. Then:
If x  y, and a  0, then it is easy to prove that ax  ay.
If xn  yn for each n ∈N, and limn xn = x, limn yn = y, then x  y.
Let f : X 	→ X and x0 ∈ X. Function f is continuous at x0 if for any sequence xn → x0 we have f (xn) → f (x0).
For the convenience of the reader, let us recall the following results.
Theorem 1.1. (See Jungck [5].) Let (X,ρ) be a complete metric space. Let f be a continuous self-map on X and g
be any self-map on X that commutes with f . Further let f and g satisfy
g(X) ⊂ f (X) (1)
and there exists a constant λ ∈ (0,1) such that for every x, y ∈ X
ρ(gx,gy) λ · ρ(f x,fy). (2)
Then f and g have a unique common fixed point.
Theorem 1.2. (See Das and Naik [2].) Let (X,ρ) be a complete metric space. Let f be a continuous self-map on
X and g be any self-map on X that commutes with f . Further, let f and g satisfy (1) and there exists a constant
λ ∈ (0,1) such that for every x, y ∈ X
ρ(gx,gy) λ · Mρ(x, y), (3)
where
Mρ(x, y) = max
{
ρ(f x,fy),ρ(f x,gx), ρ(f x,gy), ρ(fy,gy), ρ(fy,gx)
}
. (4)
Then f and g have a unique fixed point.
Let us recall that if f = IX is the identity map on X, and g satisfies (4), than g is called quasicontraction. ´Ciric´ [1]
introduced and studied quasicontraction as one of the most general contactive type map. The well-known ´Ciric´’s [1,6]
result is that quasicontraction g possesses a unique fixed point.
In this paper we define and study f quasicontraction on cone metric space. Such a mapping is a generalization of
Das and Naik’s quasicontraction.
Definition 1.2. Let (X,d) be a cone metric space, and let g,f : X 	→ X. Then, g is called f -quasicontraction, if for
some constant λ ∈ (0,1) and for every x, y ∈ X, there exists
u ∈ C(f ;x, y) ≡ {d(f x,fy), d(f x,gx), d(f x,gy), d(fy,gy), d(fy,gx)},
such that
d(gx,gy) λ · u. (5)
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We start with an auxiliary lemma.
Lemma 2.1. Let (X,d) be a cone metric space and let P be a normal cone. Let g,f : X 	→ X, g commutes with f , g
and f and satisfy (1), and let g be f -quasicontraction.
Let x0 ∈ X, and let x1 ∈ X be such that g(x0) = f (x1). Having defined xn ∈ X, let xn+1 ∈ X be such that g(xn) =
f (xn+1) = yn. Now, for n ∈N, we set O(x0;n) = {y0, y1, y2, . . . , yn} and O(x0;∞) = {y0, y1, y2, . . .}.
Then there exists n0 ∈ N such that the following hold:
(i) If i, j, n ∈N, n > n0 and n0 < i, j  n, then∥∥d(yi, yj )∥∥< δ(O(x0;n)).
(ii) If n ∈ N, and n > n0, then
δ
(
O(x0;n)
)= max{∥∥d(y0, yk)∥∥,∥∥d(yi, yj )∥∥: 1 k  n, 1 i, j  n0}.
(iii) If n ∈ N, and n > n0, then
δ
(
O(x0;n)
)
max
{
K
1 − K2λn0 ·
∥∥d(y0, yn0+1)∥∥, λKδ(O(x0;n0)), ∥∥d(y0, yl)∥∥: 1 l  n0
}
.
(iv)
δ
(
O(x0;∞)
)
max
{
K
1 − K2λn0 ·
∥∥d(y0, yn0+1)∥∥, λKδ(O(x0;n0)), ∥∥d(y0, yl)∥∥: 1 l  n0
}
. (6)
(v) For n ∈N, and n n0 + 1, we have∥∥d(yn, yn−1)∥∥Kλn0δ(O(x0;∞)).
(vi) Sequence {yn} is Cauchy, and for m > n > n0 + 1 we have∥∥d(yn, ym)∥∥K λn1 − λ · δ
(
O(x0;∞)
)
.
Proof. Suppose that n0 ∈N is such that max{λn0K,λn0K2} < 1.
(i) Suppose that i, j, n ∈ N, n > n0 and n0 < i, j  n. There exists
s1 ∈
{
d(gxi−1, gxj−1), d(gxi−1, gxi), d(gxi−1, gxj ), d(gxj−1, gxj ), d(gxj−1, gxi)
}⊂ O(x0;n)
such that
d(yi, yj ) = d(gxi, gxj ) λs1.
Now, there exists s2 ∈ O(x0;n) such that s1  λs2. Hence,
d(yi, yj ) λ2s2.
Thus, after n0 steps we will get that
d(yi, yj ) λn0sn0 ,
for some sn0 ∈ O(x0;n). Hence,∥∥d(yi, yj )∥∥Kλn0‖sn0‖ < δ(O(x0;n)), (7)
and (i) follows immediately.
(ii) Clearly, (i) implies (ii).
(iii) From (ii) it follows that we have to consider three cases.
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δ
(
O(x0;n)
)
max
{∥∥d(y0, yl)∥∥: 1 l  n0}.
Case 2. If δ(O(x0;n)) = ‖d(y0, yk)‖, for some k ∈N such that n0 < k  n, then
d(y0, yk) d(y0, yn0+1) + d(yn0+1, yk).
By (7), it follows that
δ
(
O(x0;n)
)
K
∥∥d(y0, yn0+1)∥∥+ λn0K2δ(O(x0;n)).
Hence, in this case
δ
(
O(x0;n)
)
 K
1 − K2λn0 ·
∥∥d(y0, yn0+1)∥∥.
Case 3. If δ(O(x0;n)) = ‖d(yi, yj )‖, for some i, j ∈N with 1 i, j  n0, then
d(yi, yj ) λs1,
for some s1 ∈ {d(a, b): a, b ∈ O(x0;n0)}. Hence, in this case
δ
(
O(x0;n)
)
 λKδ
(
O(x0;n0)
)
.
So we prove (iii).
(iv) From (iii), (iv) follows immediately.
(v) For n n0 + 1, we have that
d(yn, yn−1) λsn,n−1,
for some sn,n−1 ∈ {d(yn+1, yn), d(yn+1, yn−1), d(yn, yn−1),0}. Also,
d(yn+1, yn) λsn,n+1,
where sn,n+1 ∈ {d(yn+2, yn+1), d(yn+2, yn), d(yn+1, yn),0}. Further,
d(yn+1, yn−1) λsn−1,n+1,
where
sn−1,n+1 ∈
{
d(yn+2, yn), d(yn+2, yn+1), d(yn+2, yn−1), d(yn, yn+1), d(yn, yn−1)
}
.
So,
d(yn, yn−1) λ2s(2)n,n−1,
where
s
(2)
n,n−1 ∈
{
d(yn, yn−1), d(yn+1, yn), d(yn+1, yn−1), d(yn+2, yn+1), d(yn+2, yn), d(yn+2, yn−1),0
}
.
We continue on the similar same way, and after n0 steps we get that
d(yn, yn−1) λn0s(n0)n,n−1, (8)
where s(n0)n,n−1 ∈
⋃n0
j=0
⋃j
i=0{d(yn+j , yn−1+i )}.
Hence,∥∥d(yn, yn−1)∥∥Kλn0δ(O(x0;∞)).
(vi) By (8), for m > n > n0 + 1, we have
d(yn, ym) d(yn, yn+1) + d(yn+1, yn+2) + · · · + d(ym−1, ym)
m−n−1∑
λn+ks(n+k)n+k+1,n+k.
k=0
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∥∥d(yn, ym)∥∥Kλn ·
∥∥∥∥∥
m−n−1∑
k=0
λks
(n+k)
n+k+1,n+k
∥∥∥∥∥K λ
n
1 − λ · δ
(
O(x0;∞)
)
.
Hence, d(yn, ym) → 0, n,m → ∞ which implies that {yn} is a Cauchy. 
Now we prove our main result.
Theorem 2.1. Let (X,d) be a complete cone metric space and P be a normal cone. Let g,f : X 	→ X, f commutes
with g, f or g is continuous, and satisfy (1) and (5). Let {yn} be the sequence defined in Lemma 2.1, and limn yn =
y ∈ X. Then f and g have a common unique fixed point u in X. In the case when f is continuous, then u = gy = fy;
if g is continuous, then u = y.
Proof. By Lemma 2.1(vi), {yn} is a Cauchy sequence. Since, X is a complete cone metric space, there exist y ∈ X
such that yn converges to y.
Suppose that f is continuous. Let us prove that fy = gy. By [4, Lemma 5],
d(fy,gy) = lim
n→∞d(fgxn, gy). (9)
Furthermore, for each n ∈ N, there exists
sn ∈
{
d
(
f 2xn,fy
)
, d
(
f 2xn, gf xn
)
, d
(
f 2xn, gy
)
, d(fy,gf xn), d(fy,gy)
}
such that
d(fgxn, gy) = d(gf xn, gy) λsn. (10)
It is evident that the elements of the sequence {sn} are of the form d(f 2xn,fy), d(f 2xn, gf xn), d(f 2xn, gy),
d(fy,gf xn) or d(fy,gy). We shall consider subsequences {sn,i}, i = 1,2, . . . ,5, of the sequence {sn}, such that
all the elements of the sequence {sn,i}, i = 1,2, . . . ,5, are of the form, d(f 2xn,fy), d(f 2xn, gf xn), d(f 2xn, gy),
d(fy,gf xn) or d(fy,gy), respectively. It is clear that limn sn,i = 0, i = 1,2,4, and limn sn,i = d(fy,gy), i = 3,5.
Now, by (9) and (10) we conclude that d(gy,fy) = 0, i.e. fy = gy. Let us remark that
d(ggy,gy) λv,
for some v ∈ {d(fgy,fy), d(fgy,ggy), d(fy,gy), d(fgy,gy), d(fy,ggy)} = {d(ggy,gy),0}. This implies that
d(ggy,gy) = 0, i.e. ggy = gy. Now, fgy = gfy = ggy = gy, i.e., gy is a common fixed point for f and g.
Now, let us consider the case when g is continuous function. We shall prove that y is a common fixed point for
f and g. We know that f xn → y and gxn → y. Since, g is continuous, gf xn → gy and so fgxn → gy. Now, on a
similar way, as in the proof of fy = gy, we can prove that
d(gy, y) = lim
n→∞d
(
g2xn, gxn
)= 0,
i.e., gy = y. Furthermore, (1) implies that there exists y′ ∈ X such that y = gy = fy′. Now,
d
(
g2xn, gy
′) λs
where
s ∈ {d(fgxn,fy′), d(fgxn, g2xn), d(fgxn, gy′), d(fy′, g2xn), d(fy′, gy′)}.
Again, on a similar way, as in the proof of fy = gy, we can prove that d(g2xn, gy′) → 0 (n → ∞), so gy = gy′ = y.
Hence, fy = fgy′ = gfy′ = gy = y. The uniqueness of the common fixed point is immediate from (5). 
Remark 1. Let us remark that in Theorem 2.1, setting E = R, P = [0,∞), d(x, y) = |x − y|, x, y ∈ R, we get
a generalization of Theorem 1.2. In our case f or g is continuous, while Das and Naik suppose that only f is
continuous.
D. Ilic´, V. Rakocˇevic´ / J. Math. Anal. Appl. 341 (2008) 876–882 881Now, as a corollary, we get the main result of Guang and Xian [4, Theorem 1].
Corollary 2.1. Let (X,d) be a complete cone metric space and P be a normal cone. Suppose the mapping f : X 	→ X
satisfies the contractive condition
d(f x,fy) λd(x, y), for all x, y ∈ X, (11)
where λ ∈ [0,1) is constant. Then f has a unique fixed point in X and for any x ∈ X, iterative sequence {f nx}
converges to the fixed point.
Theorem 2.2. Let (X,d) be a complete cone metric space and let P be a normal cone. Let f : X 	→ X, f 2 is
continuous, g : f (X) → X be such that gf (X) ⊆ f 2(X), and f (g(x)) = g(f (x)) whenever both sides are defined.
Furthermore, let there exists λ ∈ (0,1) such that (5) holds for every x, y ∈ f (X). Then f and g have a common
unique fixed point u in X.
Proof. Suppose that x0 ∈ f (X). Now, as in the proof of Theorem 2.1, we define a sequence {xn} in f (X) such that
f xn+1 = gxn = yn. Let us remark that
fyn = fgxn = gf xn = gyn−1 = zn.
By Lemma 2.1, for n < m, we have
∥∥d(zn, zm)∥∥K λn1 − λ · δ
(
O(x0;∞)
)
.
As in the proof of Theorem 2.1, {zn} is a Cauchy sequence in X and lim zn = z ∈ X.
Let us prove f 2z = gf z = u, and that u is a common unique fixed point of f and g in X.
Let us remark that
d
(
f 2zn, gf zn
)= d(gf zn−1, gf zn) λs1,
for some
s1 ∈
{
d(gf zn−2, gf zn−1), d(gf zn−1, gf zn), d(gf zn−2, gf zn),0
}
.
Now, as in the proof of Lemma 2.1, we get for each n ∈N,
d
(
f 2zn, gf zn
)= d(gf zn−1, gf zn) λn−2sn−2
for some sn−2 ∈ {d(gf zi, gf zj ): 0 i  n − 1, 1 j  n}. Hence, d(f 2zn, gf zn) → 0, n → ∞, and f 2z = gf z.
Now, (5) implies g(gf z) = gf z, i.e., gf z is a fixed point for g. Also, f (gf z) = g(f 2z) = g(gf z) = gf z. Hence, gf z
is a common fixed point for f and g. 
As an corollary we get [2, Theorem 3.1].
Corollary 2.2. Let (X,ρ) be a complete metric space. Let f be a self-map on X such that f 2 is continuous. Let
g : f (X) → X be such that gf (X) ⊂ f 2(X) and f (g(x)) = g(f (x)) whenever both sides are defined. Furthermore,
let there exists λ ∈ (0,1) such that (3) holds for every x, y ∈ f (X). Then f and g have a common unique fixed point u
in X.
The following example [2] shows that Theorem 1.2 is indeed a generalization of Jungck’s Theorem 1.1.
Example 2.1. Let X be (−∞,∞) with the usual metric. Define f,g : X 	→ X by
f (x) =
{1, x ∈ (−∞,−1],
x, x ∈ (−1,1),
−1, x ∈ [1,∞)
882 D. Ilic´, V. Rakocˇevic´ / J. Math. Anal. Appl. 341 (2008) 876–882and
g(x) =
⎧⎨
⎩
1+x
2 , x ∈ (−1,0],
1−x
2 , x ∈ (0,1),
0, x ∈ (−∞,−1] ∪ [1,∞).
Let us recall that it was mentioned in [2] that f is discontinuous, and all the other hypotheses of Theorem 1.1 hold.
Hence, Jungck’s theorem is not applicable, but, since f 2 is continuous the (unique) common fixed point 1/3 for f
and g follows by Theorem 1.2.
In the recent paper [3] we have proved that f and g have the unique fixed point, and that the continuity of f 2 is
not essential. Now, because g is continuous, we conclude that f and g have the unique fixed point.
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